Abstract. In this study, we establish some topological properties of the spaces of sequences that are strongly Cesàro bounded, convergent and convergent to zero, of order α > 0 and index p ≥ 1, and determine their β-duals.
Here we study some fundamental topological properties of the spaces of sequences that are strongly Cesàro bounded, convergent and convergent to zero, of order α > 0 and index p ≥ 1, determine their β-duals, and characterize some classes of matrix transformations and compact matrix operators on them. This is achieved by considering these spaces as the domains of the Cesàro matrix C α−1 in the spaces w p ∞ , w p and w p 0 of Maddox [11] . The proofs use the theories of BK spaces and measures of noncompactness, in particular, the Hausdorff measure of noncompactness, and techniques from [2, 5, 16, 17] .
Our results are complimentary to those in [10] ; to the best of the authors' knowledge, no estimates of the Hausdorff measure of noncompactness and characterizations of compact matrix operators have been established on the spaces of sequences that are strongly Cesàro bounded, convergent and convergent to zero, of order α > 0 and index p ≥ 1.
We use the following standard notations. Let ω denote the set of all complex sequences x = (x k ) ∞ k=0 . As usual, we write ℓ ∞ , c, c 0 and ϕ for the sets of all bounded, convergent, null and finite sequences, and
Let (X,
∑ ∞ k=0 |x k | p < ∞} for 1 ≤ p < ∞; also bs and cs denote the sets of all bounded and convergent series. Let e and e (n) (n = 0, 1, . . . ) be the sequences with e k = 1 for all k ∈ IN 0 , and e (n) n = 1 and e (n) k = 0 for k ̸ = n. A subset X of ω is said to be an F K space if it is a Fréchet space with continuous
an F K space is said to be a BK space if its metric is given by a norm. An F K space
in a linear metric space X is called a Schauder basis if, for every x ∈ X there exists a unique sequence (λ n ) ∞ n=0 of scalars such that
be an infinite matrix of complex entries, X and Y be subsets of ω and x ∈ ω. We write A n and A k for the sequences in the nth row and kth column of A,
(provided all the series A n x converge). The sets
∈ Y for all x ∈ X} are called the matrix domain of A in X and the multiplier space of X in Y ; in particular,
is the class of all matrices A such that X ⊂ Y A ; so A ∈ (X, Y ) if and only if A n ∈ X β for all n ∈ IN 0 and Ax ∈ Y for all x ∈ X.
is called a triangle if t nn ̸ = 0 for all n ∈ IN 0 and t nk = 0 for k > n. It is well known that every triangle has a unique inverse S which is also a triangle, and T (Sx) = (T S)x = x for all x ∈ ω ( [21, Theorem 1. We also use the following well-known notations related to the Cesàro methods. ∞ n,k=0 of order α is defined by
is said to be summable C α to ξ if lim n→∞ σ α n (x) = ξ; for α > 0, it is said to be strongly summable C α to zero, strongly summable C α to ξ ( [7] ), and strongly bounded C α , with index p > 0, if
∞ for the sets of all sequences x ∈ ω for which (1.1), (1.2) or (1.3) are satisfied, respectively. In the special case of α = 1, we obviously obtain 
We denote by R α−1 = (r n,k ) ∞ n,k=0 the transpose of the matrix S α−1 .
Topological properties
First we establish some important topological properties of the spaces
We write
, and
Every sequence
p has a unique representation
where ξ is the unique complex number such that p has a unique representation
Proof. (a)
where the sequences c (n) (n = 0, 1, . . . ) are defined as in Proposition 2.1 and the sequence 
The β-and γ-duals
Now, we determine the β duals of the spaces
.
the sphere of radius r and center in x 0 . Let a ∈ ω and X ⊂ ω be a linear metric space.
Then we write
provided the right hand side is defined and finite which is the case whenever X is an F K space and a ∈ X β [21, Theorem 7.2.9]; if X is a BK space then we write
The following results are known for 1
The first result is an improvement of [17, Theorem 3.2].
Proposition 3.1 Let X be an F K space with AK, T be a triangle, S be its inverse and
where
Proof. First we assume a ∈ (X T ) β . Then it follows from [17, Theorem 3.2] that a ∈ (X β ) R and W ∈ (X, c 0 ) and that (3.3) is satisfied; but (X, c 0 ) ⊂ (X, ℓ ∞ ).
Conversely we assume a ∈ (X β ) R and W ∈ (X, ℓ ∞ ). It follows from Ra ∈ X β that w mk exists for each m and k, and lim m→∞ w mk = 0 for each k. Since X has AK, this and W ∈ (X, ℓ ∞ ) together imply W ∈ (X, c 0 ) by [21, 8.3.6] . Finally a ∈ (X β ) R and
Now, we determine the γ-duals. The following general result holds. 
Proof. We write Z = X T , and define the matrix B = B(a; T ) = (b nk ) ∞ n,k=0 by b nk = a n s nk for (0 ≤ k ≤ n) and b nk = 0 for k > n (n = 0, 1, . . . ). Since x ∈ X if and only if z = Sx ∈ Z, and a n z n = a n (S n x) = a n n ∑ k=0 
Now, we determine the β-duals of the spaces [C
α ] p 0 , [C α ] p and [C α ] p ∞ .
Theorem 3.3 Let p ≥ 1 and α > 0. Then we have (a)
and
Proof. (a)
This is an immediate consequence of Proposition 3.2. 
Remark 3.4 It is useful to state the explicit formulas in the previous theorem.
We obtain from (1.4) that
. 
Furthermore, we have
We have by [ There is an alternative way to determine the β-duals. c) by [17, Lemma 3.7] and [1, Lemma 3.1 (c) or (b)], respectively.
Remark 3.5 It follows from [17, Lemmas 3.7 and 3.8] that if X is an F K space with

AK then a ∈ (X T ) β if and only if C(a; T ) ∈ (X, c) where C(a; T ) is the matrix defined in Proposition 3.2. We also have a ∈ ((w
p ∞ ) T ) β or a ∈ ((w p ) T ) β if and only if C(a; C α−1 ) ∈ (X,
Matrix transformations
In this section, we characterize the classes (X, Y ) where X is any of the spaces
and Y is any of the spaces ℓ ∞ , c or c 0 . We also determine the norms of the operators defined by the matrices in those classes.
We need the following well-known results.
Lemma 4.1 Let X and Y be BK spaces. (a) Then we have
Let A = (a nk ) ∞ n,k=0 be an infinite matrix. We define the matricesÂ = (â nk ) ∞ n,k=0 and
The following result is an immediate consequence of [1,
m e exists for each n and
Remark 4.3
We note that by (3.10) and the definition ofÂ and W (n)
and, for n = 0, 1, . . . ,
then we have
where 
Now (4.2) follows from (4.4) and (4.5).
Compact operators
In this section, we characterize the classes of compact operators
where X is any of the spaces [C α ] where a = lim sup n ∥R n ∥ denotes the basis constant of (b n ). 
